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The concept of quasi-conjugate n-tuples of matrices is defined. The number 
of n-tuples in similarity classes of n-tuples over finite fields is determined for 
the cases n = 2 and n = 3. 
1. INTRODUCTION 
A. A. Bennett [l] defined the concept of conjugate matrices. V. J. 
Varineau [6] generalized this definition by removing the commutativity 
condition and called the resulting matrices quasi-conjugate matrices. 
In this paper we restate these definitions and present some immediate 
consequences of them. We then introduce the notion of similarity of 
quasi-conjugate n-tuples of matrices and solve the combinatorial problem 
of determining the number of similarity classes of these n-tuples and the 
number of n-tuples in each class for the cases 12 = 2 and 12 = 3. 
2. BACKGROUND THEORY 
The reader is here reminded of a few definitions and theorems from 
matrix theory and field extension theory which play an important role in 
our development in this paper. 
A matrix with minimum and characteristic polynomial equal is called 
non-derogatory [3]. 
BACKGROUND THEOREM 1. The only matrices which commute with a 
non-derogatory matrix A are scalar polynomials in A [2]. 
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Let g(x) = in + ulxn-l + uZ~n-2 + ... + a, be any manic polynomial 
over a field F. Associated with this polynomial is the matrix 
qg> = 
L 
0 1 0 0 . . . 0 
0 0 1 0 . . . 0 
. . . . . . . . . . . . . . . . . . . . . . . 
0 0 0 0 . . . 1 
--a, --a,-, --a,-, -anp3 . . . -a, 
which is called the companion matrix of g(x). 
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BACKGROUND THEOREM 2. The companion matrix of g(x) is non- 
derogatory with minimum polynomial and characteristic polynomial both 
equal to g(x) [3]. 
Let P(X) = A& + &-I + *a* + At be any polynomial where 
A II ,***, At are any n x n matrixes over an arbitrary field F. Let C be any 
n x n matrix over F. Then the right functional value is defined as 
PR(C) = A,Ct + a** + At 
and the left functional value is defined as 
PL(C) = CtA, + ... + At. 
In general PR(C) # P,(C). C is a right zero of P(x) if PR(C) = 0. Left 
zeros are defined analogously. 
An important theorem for our purposes is: 
BACKGROUND THEOREM 3. C is a right zero of P(x) if and only if 
(Ix - C) is a right factor of P(x). C is a left zero of P(x) if and only if 
(Ix - C) is a left factor of P(x) [3]. 
The major portion of this paper is involved with cubic extensions of a 
Galois field, GF(m). The reader is reminded that if F is any field andf(x) 
any irreducible cubic polynomial over F, then the algebraic extension of 
F relative to f(x) is a vector space over F with basis 1, 01, a2, where OL 
is the element in the extension such that I = 0. If F = GF(m), the 
cubic extension becomes a Galois field, GF(mS). Furthermore, there is no 
proper intermediate field between GF(m) and GF(m3), i.e., if H is any 
field such that GF(m) C H C GF(m3) then H = GF(m) or H = GF(mS). 
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3. BASIC DEFINITIONS AND THEOREMS 
An n-tuple of matrices over a field F, [A, ,..., A,], where each matrix Ai 
is of order n, is a quasi-conjugate n-tuple with respect to the polynomial 
f(x), irreducible over F, if the matrix polynomial f(x)Z factors as follows: 
f(x)Z = (Ix - A,)(Zx - A,) 0.. (Ix - A,J. 
Bennett’s [I] definition of conjugate matrices is essentially this definition 
with the added restriction that the matrices Ai and Ai commute for all 
i and j. We shall call an n-tuple strictly quasi-conjugate if it is quasi- 
conjugate and AiAj # AjAi for some i and j. 
The following theorem provides a useful characterization of the concept 
of quasi-conjugate n-tuples. It is an immediate consequence of the 
definition. 
THEOREM 1. An n-tuple of matrices over aJield F, [A, ,..., A,], where 
each A, is of order n, is a quasi-conjugate n-tuple with respect to the 
irreducible polynomial 
f(x) = xn + alxn-l + e-0 + a, 
over the field F, if and only if the following condition holds: 
c Ai = -a,Z 
2 
1 AiAi = a,Z 
i<f 
c A&, .*a Ai, = (-1)” a,Z 
iI<&...<& 
AlA, -.. A, = (-1)” a,Z. 
Not all reorderings of quasi-conjugate n-tuples with respect to a given 
polynomial result in quasi-conjugate n-tuples. It is easy to produce a 
quasi-conjugate triple [A, , A, , AS], for example, where the reordering, 
[A, , A, , AS], is not a quasi-conjugate triple. Parts (i) and (ii) of the 
following theorem concern the question of obtaining quasi-conjugate 
n-tuples from quasi-conjugate n-tuples. 
THEOREM 2. Let [A, , A, ,..., A,,] be any quasi-conjugate n-tuple with 
respect to the irreducible polynomial f (x) over the field F. Then the following 
hold: 
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(9 [A, 4 , 4 ,..., A-J, LLl , A,, Al ,..., ~n--21,..., 14 , A, ,..., 
A, , A,] are also quasi-conjugate n-tuples with respect to f (x). 
(ii) If P is any non-singular matrix over F, then 
[PA,P-l, PA,P-I,..., PA,P-l] 
is a quasi-conjugate n-tuple with respect to f (x). 
(iii) Each Ai , i = 1, 2 ,..., n is non-derogatory with characteristic and 
minimum polynomials f (x). 
(iv) Ai is similar to Aj for all i and j and if [Bl ,..., B,] is any other 
quasi-conjugate n-tuple with respect to f (x), then, also, At is similar to Bi 
for all i and j. 
The proof of Part (i) follows from the observation that, if 
f (x)1 = (Ix - A,) ..+ (Iz - A,), 
then 
f (x)Z = (Ix - A,+& ... (Ix - A&Ix - A,) a.. (Ix - AJ 
for i = 1 to n - 1 since Ix - Ai , j = l,..., n is invertible in the field of 
quotients of polynomials over F. 
Part (ii) is a trivial consequence of the definition on quasi-conjugate 
n-tuple. Part (iii) follows from Part (i), Background Theorem 3, and the 
fact that f (x) is irreducible over F. Part (iv) is a consequence of Part (iii). 
DEFINITION 1. Let [A, ,..., A,] and [Bl ,..., B,J be any quasi-conjugate 
n-tuples with respect to the irreducible polynomial f (x) over the field F. 
Then [A, ,..., A,,] is similar to [Bl ,..., B,] if there exists a non-singular 
matrix T such that Bi = TA$T-l for i = l,..., n. In this case, we use the 
notation 
LB1 ,..., B,J = T[A, ,..., A,,] T-l. 
4. THE COUNTING PROBLEM 
The relation, similarity of quasi-conjugate n-tuples, is obviously an 
equivalence relation, and, thus, it induces a partition on the set of all 
quasi-conjugate n-tuples with respect to a given irreducible polynomial 
f(x). We raise the following questions: In the case of a finite field, GF(m), 
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(i) How many similarity classes of quasi-conjugate n-tuples are there 
for a given irreducible polynomial of degree n over GF(m) ? 
(ii) How many quasi-conjugate n-tuples are there in each class ? 
In this paper we solve these problems for the cases n = 2 and n = 3. 
5. THE QUADRATIC CASE 
The entire solution of the counting problem in this case is given in 
Parts (ii) and (iii) of the following theorem. Part (i) is a statement of the 
interesting fact that the conjugate pair problem and the quasi-conjugate 
pair problem are equivalent problems for the quadratic. The reader is 
reminded that the quasi-conjugate pair concept involves order and that 
we are dealing with ordered pairs in the following theorem: 
THEOREM 3. If f (x) is any irreducible quadratic polynomial over the 
finite jield GF(m), then 
(i) every quasi-conjugate pair of matrices with respect to f(x) is a 
conjugate pair (i.e., every quasi-conjugate pair commutes); 
(ii) zf” [A, , A41 and [Bl , B,] are any quasi-conjugate pairs with respect 
to f(x), then [A, , Aa] and [Bl , B,] are similar-thus there is one and only 
one similarity class of quasi-conjugate pairs; 
(iii) there are exactly m2 - m distinct quasi-conjugate pairs with 
respect to f(x). 
Part (i) is a consequence of Theorem l(ii) and Theorem 2(i). To prove 
Part (ii) we merely observe that A, and B, are similar, by Theorem 2 (iv), 
and continue by noting that Al = bA;’ and Bl = b%‘. 
Part (iii) is a consequence of a result of Reiner [4] that there are exactly 
m2 - m matrices with a given irreducible quadratic characteristic poly- 
nomial. Each of these matrices can be made the second element in a 
quasi-conjugate pair. The first matrix in the pair is then uniquely deter- 
mined. 
6. THE CUBIC CASE 
This case is much more difficult and to reach its solution one is led 
through some interesting applications of the theory of algebraic extensions 
of fields. 
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Let f(x) = x3 + ax2 + bx + c be any irreducible polynomial over the 
field GF(m). 
LEMMA 1. Zf [A, , A, , A31 is any quasi-conjugate triple with respect to 
f(x) then [A, , A, , A31 is similar to a quasi-conjugate triple [C, , C, , C,] 
with respect to f (x), where 
is the companion matrix off(x), 
This lemma follows from Theorem 2(ii) and the fact that Ai is a non- 
derogatory matrix. 
We shall call any quasi-conjugate triple [C, , C, , C,], where C, is the 
companion matrix off(x), a companion quasi-conjugate triple, or, simply, 
a companion triple. To solve our problem, we shall first solve the counting 
problem for the partition of the set of all companion triples into classes 
of similar companion triples. From there, as we shall see in Theorem 12, 
it is an easy step to the solution of the counting problem stated above. 
It is easily seen that the field GF(m) is isomorphic to the field A, of 
scalar third-order matrices over GF(m). Let GF(m3) designate the algebraic 
extension of GF(m) obtained by adjoining a root, 01, off(x). If we let 
O&C,) be the set of all scalar polynomials in the matrix Ci , where Ci is 
any one of the matrices in the quasi-conjugate triple [C, , C, , C,], then 
d,(Ci) is a representation of GF(m3) with the isomorphism given by 
IT(G) + &?(a)9 
where g(x) is any polynomial over GF(m). Since f (x) is a cubic polynomial, 
we may, of course, think of the isomorphism as given by 
UC<’ + VCi + WZ+ UCd2 + Vol+ W, u, v,w E GF(m). 
Obviously, d, C d,(C,) n d,(C,) C d,(C,) and 
dm c dm(ci) n dm(czi) c Om(cj> for i # j. 
It is also easily verified that O,(C,) n d,(CJ is a field. Then, since A, is 
a representation of GF(m) and d,(CJ and d,(CJ are each representations 
of GF(m3) and since there are no fields between GF(m) and GF(m3), 
we have 
&G) n &G) = A 
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or 
A&) n UCj) = UG) = &Cj). 
In case d,(Ci) n O,(C) = A, we then have Ci $ d,(C). Hence Ci is not 
a polynomial in Cj and does not commute with Cj, by Background 
Theorem 1. If O,(C) n d,(C) = d,(C) = d,(C) then Ci is a poly- 
nomial in Cj and does commute with Ci . We summarize the results of the 
argument above in the following lemma for ready reference: 
LEMMA 2. If [C, , C, , C,] is any companion triple with respect to the 
irreducible polynomial f (x) over GF(m), then 
(0 &(Q, &(G), and 4dGJ are each representations of the jieId 
GF(m3) obtained by extending GF(m) relative to f(x); 
(ii) A, = A,(C,) n A,(CJ, i, j = 1,2, 3, if and only if Ci and Cj do 
not commute. 
(iii) If [C, , C, , C,] is a strictly quasi-conjugate triple, T is any matrix 
such that C, = TC,T-I, and p(x) and q(x) are any scaIar polynomials, 
such that p(C3 = T,(C,) T-l, then p(C,) = q(C,) E A,. 
Part (iii) follows from Part (ii) after writing 
Tq(C,) T-l = q(TC,T-l) = q(C,). 
THEOREM 4. Zf f (x) is any irreducible cubic over the finite field GF(m), 
then there exist exactly two conjugate companion triples. 
To prove this theorem, we use the well-known fact that any cubic over 
a finite field is normal. In fact, it is well known that 
f(x) = (x - &)(x - a")(x - a) 
= (x - cP)(x - c@)(X - a), 
where (Y E GF(m3). We know o(, am, and c$’ are distinct since all poly- 
nomials over finite fields are separable [5]. Thus, because of the iso- 
morphism of Lemma 2, 
f(x) I = (Ix - CF”)(lx - C3rn)(Zx - CJ 
= (Ix - C,“)(Zx - Cf)(lx - C,). 
Obviously, then, by definition of conjugate triples, [Cr”, Cam, C,] and 
[CSm, Cy”, C,], are conjugate companion triples. 
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Furthermore, if [C, , C, , C,] is any companion triple, C, commutes 
with C, and C, . Since C, is non-derogatory, C, and C, are polynomials in 
C,, say C, = h(C,) and C, = k(C,). Thus 
fW = (Ix - h(C3MZx - k(C,)W - Cd, 
and, again by the isomorphism, 
f(x) = 6 - Nol))(x - 44(x - 4, 
and, by the unique factorization theorem of polynomials over fields, 
h(a) = am and k(a) = amB or h(a) = P* and k(a) = CP. 
But we are interested in more than just the companion conjugate 
triples. We want to find all companion quasi-conjugate triples-the 
conjugate and the strictly quasi-conjugate. 
Since C, is the companion matrix of f(x) = x3 + ax2 + bx + c, we 
have 
f(x)Z = (Ix2 + (uZ + C,,)x + (bZ + UC, + Cs2))(Zx - C,). (1) 
The problem of finding all companion triples, then, reduces to the problem 
of finding all matrices C, which are right zeros of 
Ix2 + (al + C,)x + (bZ + uC, + C,z) = 0. 
But any solution C, is also similar to C, , and we have C, = TC,T-l for 
some matrix T. Thus the problem reduces to finding all non-singular 
matrices T such that 
TCs2T-l + @I + C,) TC,T-1 + (bI + UC, + C,z) = 0. 
And, this, in turn, reduces to finding the nonsingular matrices T such that 
l-C,2 + (aI + C,) TC, + @I + uC, + Cs’)T = 0. (2) 
We shall call non-singular matrices T which satisfy equation (2) 
T-transform matrices. On setting 
and reducing (2) to scalar form, we find that the resulting linear system 
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has rank three, and on solving the system we find that the resulting 
T-matrix has the form 
h t3 t3 
T= t4 t5 t, 
I 
9 (3) 
-bt, + ct, - at, + ct, , -at, + ct, - t, - at, + bt, , -tl - t, 
where tl ,..., t, are arbitrary. We note that, when a non-singular T is thus 
determined, a value for C, is thus determined, and C, is determined by 
Cl= -aI-C,--C,. 
Some of these T-transforms yield the same triple. These are determined 
by the following theorem: 
THEOREM 5. Two T-transforms, T1 and T, , yield the same companion 
triple if and only if T, = T,p(C,), where p(C,) is a scalar polynomial in C, . 
Suppose T,C,K’ = T,C3c1. Then C3T;-1T, = K’T,C,, so C, 
commutes with T;‘T, . And, since C, is non-derogatory, KIT, = p(C,>, 
where p(C,) is a polynomial in C, . The argument reverses easily. 
THEOREM 6. Each companion triple is yielded by exactly m3 - 1 
distinct T-transforms. 
Theorem 5 allows us to determine the number of these transforms by 
finding the number of distinct non-singular polynomials in C, . Since 
&(C,) is a representation of GF(m3) the number of distinct non-singular 
polynomials in C, over GF(m) is the number of non-zero elements of 
GF(m3), that is, ms - 1. 
Theorem 5 provides a necessary and sufficient condition on T-transforms 
in order that they yield the same triple. The next theorem provides a 
necessary condition for two T-transforms to yield similar companion 
triples: 
THEOREM 7. Let [C, , T,C,T;‘, C,] and [B1, T&G’, C,] be any 
companion triples with respect to f(x). They are similar if and only if 
T, = q(C,) T,s(C,) for some scalar polynomials q(C,) and s(C,). 
Suppose the triples are similar. Then for some non-singular matrix R, 
R[C, , T,C,T;‘, C,] R-l = [I& , T&G’, C,]. In particular, 
so that G1RT,C3 = C,GIRT, , Thus T;‘RT, is a polynomial in C,, 
say T;lRT, = r(C,>. But we see that R also commutes with C, . Hence, 
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R = q(C,) for some scalar polynomial q. Thus, T,r(C,) = q(C,) T, , or 
T2 = q(C,) TI[r(C,)J-l. Since the inverses of scalar polynomials in C, 
are scalar polynomials in C, , we have T2 = q(C,) T,s(C,). The converse 
is easily established. 
THEOREM 8. If[C, , T,C,T;‘, C,] and [RI , T,C,T;l, C,] are any similar 
strictly quasi-conjugate companion triples then they are distinct if and only 
if T, = q(C,) T,s(C,) where q and s are scalar polynomials and q(C,) $ A, . 
Suppose q(C,) E A, . Then q(C,) commutes with TI . Thus T, = 
T,q(C,) s(C,) and, by Theorem 5, the triples are equal. 
Now suppose the triples are equal. Then T2 = T,h(C,) for some poly- 
nomial h. Hence q(C,) T,s(C,) = T,h(C,). On rewriting this, we get 
q(C,) = T,r(C,) T;l, where r is also a scalar polynomial. Therefore 
q(G) E 4, , by Lemma 2(iii). 
The next two theorems give the number of triples in each similarity 
class of companion triples. 
THEOREM 9. A necessary and suficient condition that a similarity class 
of companion triples contain exactly one triple is that the triple be a conjugate 
triple. 
To prove this theorem we note that, if a class contains exactly one 
triple [C, , C, , C,], then for each non-singular matrix R we have 
R[C, , C, , C,] R-l = [C, , C, , C,]. In particular, by letting R = C, , we 
get C,C, = C,C, and C,C, = C&Y,. By letting R = C, , we get 
C,C, = C,C, . Hence [C, , C, , C,] is a conjugate triple. 
Conversely, let [C, , C, , C,] be any conjugate companion triple. Then, 
C, and C, are scalar polynomials in C, because C, is non-derogatory. 
If [B1 , B, , C,] is any companion triple in the same similarity class, then 
there is a non-singular matrix R such that R[C, , C, , C,] R-l = 
[B, , B, , C,]. Thus, R also commutes with C, and is a polynomial in C, . 
From this it follows easily that C, = BI and C, = B, . Hence the 
similarity class contains only one triple. 
THEOREM 10. There are m2 + m + 1 distinct triples in each similarity 
class of strictly quasi-conjugate companion triples. 
If [C, , C, , C,] is a quasi-conjugate companion triple then, by Theorem 
7, any triple similar to [C, , C, , C,] is yielded by a transform of the form 
q(C,) Ts(C,) for some scalar polynomials q and s. Let ql(C,) Ts,(C,) and 
q2(C3) Ts,(C,) be any two transforms yielding similar triples. Then, by 
Theorem 8, the triples are equal if and only if 
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for some scalar k and some scalar polynomial sa . This condition is equiv- 
alent to the condition k-l[q1(C3)]-l q2(C3) = Ts,(C,) s3(C,)[s,(C,)]-l T-l. 
Thus, by Lemma 2, k-l[q,(C,)]-l q2(C3) = h1 for some scalar h. Hence, 
we have equality of triples if and only if q2(C3) = g * qI(C3) for some scalar 
g. This means, of course, that we get distinct triples by dividing the total 
number of non-singular matrices q(C,) by the m - 1 non-zero choices 
for g. Since q2 is quadratic there are m3 - 1 choices for q2 and the theorem 
is proved. 
'TZIE~REM 11. The number of similarity classes of strictly quasi- 
conjugate companion triples with respect to f(x) over the$niteJield GF(m) 
is m - 2. Thus, there are m similarity classes of quasi-conjugate companion 
triples. 
If we let n be the number of non-singular T-transform matrices and s 
be the number of distinct companion triples, we have, by Theorem 6, 
n = s(m3 - 1). (4) 
If k is the number of similarity classes of strictly quasi-conjugate 
companion triples, then by Theorems 2, 9, and 10. 
s = k(m2 + m + 1) + 2. (5) 
Thus 
n = [k(m2 + m + 1) + 2](m3 - 1). (6) 
We can find a lower bound for n by finding an upper bound for the number 
of singular matrices of the form (3). We note that the determinant of T is 
quadratic in t1 so an upper bound for the number of singular T-matrices 
is obtained by assigning arbitrary values to t3 , t, ,..., t, and then solving 
the resulting quadratic in tl to obtain at most two values oft, . This results 
in at most 2m6 singular T-matrices. Since are me T-matrices in all, we have 
me - 2m5 < n. (7) 
We find an upper bound for n by determining a lower bound for the 
number of singular T-matrices. We do this by finding the number of ways 
the first two rows of (3) can be proportional. This can be done in two ways: 
(i) by making the first row zero and second row arbitrary; 
(ii) by making the first row non-zero and second row an arbitrary 
multiple of it. 
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Thus, there are at least m3 + (m3 - 1)m singular T-matrices. Hence 
n < m6 - m4 - m3 + m. (8) 
We see from (6) that 12 is an increasing function of k. On checking the 
three values for k, m - 1, m - 2, and m - 3, we find that k = m - 2 
is the one and only value satisfying conditions (7) and (8). 
The final theorem and corollary return us to the partition of the set of 
all quasi-conjugate triples. 
THEOREM 12. In the partition of the set of all quasi-conjugate triples 
there are m3(m - 1)2(m + 1) triples in each of the two classes of conjugate 
triples. There are m3(m2 - l)(m3 - 1) in the classes of strictly quasi- 
conjugate triples. 
Let H be any similarity class in the partition of all quasi-conjugate 
triples into similarity classes. Let A, be any matrix with f(x) as its charac- 
teristic polynomial. Then there is a matrix T such that TA,T-l = C, , 
where C, is the companion matrix of f(x) If we let H(B) be the set of all 
triples in H with B as the third element, where B is any matrix with 
characteristic polynomial f(x), then the mapping 
[A, 3 A,, 4 -+ TM, 3 A,, 4 T-l 
is a mapping of the set H(A,) into the set H(C,). The mapping is obviously 
one-one, therefore, the number of elements in H(A,) does not exceed 
the number of elements in H(C,). But, the mapping 
[G , G , C31- MC, , G , C3IT 
is also a one-one mapping of H(C,) into H(A& and we have the inequality 
on the numbers of elements in H(A,) and H(C,) reversed. There are exactly 
as many triples in a similarity class with a given third matrix as there are 
with the companion matrix as third matrix. But, of course, any matrix A, 
can appear as a third matrix in a triple. It follows, from Theorem 10, 
that H(A,) = m2 + m + 1. Again, by Reiner’s result [4], the number h 
of matrices over the finite field GF( m with a given irreducible cubic ) 
polynomial as characteristic polynomial is given by h = m”(m - 1)2(m + 1). 
Thus the first part of our theorem follows from Theorem 9. The second 
part follows by multiplying h by the number of triples given in Theorem 10. 
COROLLARY. There are m”(m - 1)2(m + l)(m2 - m - 1) quasi- 
conjugate tripIes with respect tof(x) over GF(m). 
This is a consequence of Theorems 4, 11, and 12. 
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